ABSTRACT This paper presents a sliding mode control (SMC) strategy for a class of fractional-order nonlinear systems (FONSs) with unknown external disturbances and input uncertainties. A fractional-order integral sliding surface is introduced, and then, an adaptive sliding mode controller that can compensate the input uncertainties without any explicit fault detection is designed. The proposed controller together with two integer-order adaptation laws can guarantee that all signals in the closed-loop keep bounded, and the state variables converge to an arbitrarily small region eventually. Finally, a constructive example is given to verify the feasibility and superiority of the proposed method.
I. INTRODUCTION
As an extension of the conventual differentiation and integration operators, during the past three decades, fractional calculus has received more and more attention from specialists and scholars due to its interesting properties and potential applications in many fields such as physicists, engineers and even economics [1] - [8] . Noting that the fractional calculus has some interesting advantages, such as memory and heredity, which can be well used to describe a lot of physical process [7] , [9] , [10] . Consequently, objects can be defined, described, and modeled more accurately by the fractional method than the classical integer one. It has also been well shown that adding fractional operates into traditional control methods can improve the control performance of the closed-loop system because compared with the conventional controller, the fractional one has one more degree [11] . Up to now, more and more research works on fractional-order modeling and control of fractional-order nonlinear systems (FONSs) can be seen in [12] - [21] . The fractional order approach provides extra degrees of flexibility
The associate editor coordinating the review of this manuscript and approving it for publication was Sing Kiong Nguang. and accurate understanding of complex systems in control design, which makes it a new emerging field for control system applications. Therefore, control of FONSs by using fractional-order together with integer-order control method is a challenging but meaningful work.
It has been shown that modeling of plant systems is badly affected by system uncertainties, i.e., parameter uncertainties, modeling errors, external disturbances, etc [22] - [26] . This strongly motivates the study to design a robust, flexible, and effective controller, which can handle these uncertainties effectively [27] - [35] . The sliding mode control (SMC) method has been introduced as a powerful technique to construct robust controller for nonlinear systems. This method contains some interesting features, for example, finite-time stability or robustness in the presence of external disturbances or even system uncertainties [36] - [40] . The main idea of SMC consists in driving the system variables to reach a prescribed sliding surface (PSS) by using discontinuous control injection. Although the related study results on SMC of nonlinear systems is very fruitful, how to extend these methods to fractional-order systems need to be investigated further. For fractional-order linear systems, a kind of new PSSs defined on a fractional integral manifold, which simplifies the computation of the controlled system, is studied in [41] . It should be pointed out that, because the Leibniz rule of the product functions' derivation is not valid for the fractional-order one, some critical assumptions have to be made to check the stability of FONSs.
On the other hand, one of the factors that complicate the controller design of FONSs is the existence of input uncertainties. The input uncertainty is an unexpected factor in dynamical systems that usually drives parameter deviation and may ultimately damage the system's output or even leads to the instability of the controlled systems [42] . Consequently, how to deal with input uncertainties is an important problem. An effective way to design control system with input uncertainty is fault tolerant control (FTC). The main idea of this method consists in putting the controller in the desirable situation and preserving its stability while the fault occurs. There are two FTC methods to be used recently, one is active FTC, the other is passive FTC [43] - [46] . To our knowledge, there are very few works concerning the FTC for FONSs up to now, and thus, how to extend this method to FONSs is a challenging work.
Motivated by the above discussion, this paper will investigate the control of a class of FONSs subject to input uncertainties by means of SMC. A fractional integral PSS is designed. Based on the modeled input uncertainties, a SMC is established, which can guarantee the state variables tend to an arbitrary small region. Taking the above works into consideration, our main contributions can be concluded as follows.
(1) A fractional integral PSS has been introduced. The proposed PSS can be seen as a fractional-order extension of the classical integer-order PSS. Based on our structure, many SMC methods that are proposed for inter-order systems can be extended to control FONSs.
(2) Input uncertainties in FONSs has been considered. Compared with some related papers, for example, in [42] , [47] , our input uncertainty model is more general.
(3) The proposed adaptation law has two terms. Unlike the adaptation law in [42] , a damping term is added to ensure the convergence of the updated parameter in this paper.
The structure of this paper is arranged as follows. Section II gives some basic results of fractional calculus. The description of the problem, the model of input uncertainty, the controller design as well as the stability analysis are included in Section III. The simulation results are indicated in Section IV. Finally, Section V gives a brief conclusion of this paper.
II. FUNDAMENTALS OF FRACTIONAL CALCULUS
There are two frequently used definitions for fractional integration and differentiation: Riemann-Liouville (denote R-L) and Caputo definitions. Although the R-L definition is better for the engineering application [48] , in this paper, we will consider Caputo's definition, because its initial conditions are as the same form of the integer-order one [11] . The fractional integral is designed as [49] 
where α > 0, n − 1 ≤ α < n, and (·) is Euler's Gamma function, which is defined as: (s) = ∞ 0 t s−1 e −t dt. The Caputo's fractional derivative operator is given as,
Some useful properties of fractional calculus that will be used in the controller design are listed as follows.
Property 1 [49] : Caputo's fractional derivative and integral are linear operations with λ, γ ∈ R
Property 2 [49] :
Then we have
In the rest of this paper, we only consider the case that α ∈ (0, 1).
Property 3 [49] :
In the following parts, we will use an algorithm to solve fractional-order differential equations. A brief explanation of this algorithm is given below.
Consider
Based on Property 3, (6) can be rewritten as
Define (7) is estimated as [49] 
III. ADAPTIVE SLIDING MODE CONTROLLER DESIGN AND STABILITY ANALYSIS A. PROBLEM STATEMENT
Consider the class of FONSs described as
where
is a nonlinear function, f (x x x) denotes the system uncertainty, d(t) is the external disturbance, u i (t) is the control input for i = 1, 2, · · · , m where m is the number of inputs.
Noting there are m control inputs in (1), in this paper, we will consider two types of system uncertainties.
Suppose there are p inputs where 1 ≤ p ≤ m − 1 subject to the first type of input uncertainty, which can be described by
is a fault time instant,μ i is an unknown constant, θ θ θ i is an unknown constant vector, and ϑ ϑ ϑ i (t) is a bounded basis function which is assumed to be known. It should be mentioned that some control inputs may fail in the control process. One usually method is to utilize control redundancy. Thus, one control input fails, some others can be used. Taken these conditions into consideration, the second type of uncertain control input can be modeled by (noting there are m − p inputs subject to the second type of uncertainty)
where ν i (t) is the i-th input, λ i is an unknown constant, λ i andλ i represent the lower and upper bounds of λ i , respectively. Based on above discussion, the two types of uncertain inputs can be unified defined as
with
where ν i (t) is the actual input which will be designed later. This paper aims to introduce an adaptive sliding mode controller so that the state variables eventually converge to an arbitrary small region of the origin. To achieve the control objective, we need the following assumptions.
Assumption 1 [42] : If any, up to m − 1 control inputs fail as (10) , and the others can lose effectiveness as (11), the FONS (1) can still be controlled to achieve the control objective. 
B. CONTROLLER DESIGN
To construct the controller, let us use the following sliding surface:
where c j is design parameters. Remark 1: In this paper, the fractional integral sliding surface (14) is designed, which can be seen as an extension of the conventional integer-order sliding surface (i.e., α = 1). The design parameter c j is selected such that s(t) vanish as quick as possible. Thus, the closed-loop system will be controlled by the sliding surface. Similar with the inter-order sliding surface, the control process will be completed by two steps: the system variables reach the sliding surface and then remain in it. It should be pointed out that the proposed sliding surface can guarantee the involved variables tends to the origin, but it cannot ensure the variables stay at the origin because there are no finite-time stable equilibria in fractional-order nonlinear systems [2] .
According to (1), the dynamic equation of the sliding surface of (14) can be given aṡ
Further, we havė
The ideal input is given as
where ν 0 is the actual control input variable that will be given later, and k 1i and k 2i are positive design parameters satisfying
and
According to the knowledge of the uncertain control input, i.e., (10), (11) and (12) , it is easy to know that k k k 1 and k k k 2 can be obtained from (18) and (19) . Thus, (18) and (19) always have solutions based on Assumption 1.
Based on above discussion, the adaptive controller can be designed as
wherek 1i (t) andk 2i (t) are the estimations of k 1i and k 2i , respectively.
To facilitate the stability analysis, let us consider the following Lyapunov function candidate:
whereK
∈ R m×m and i ∈ R 2 are positive definite gain matrices. Denotê
∈ R 2 , then the derivative of V (t) can be obtained aṡ
Substituting (10) and (12) into (22) giveṡ
It follows from (20) and (23) thaṫ
Thus, the adaptation law forK K K i (t) can be designed aṡ (25) where η i > 0 is a design parameter, i = 1, 2, · · · , m. Then, substituting (25) into (24) and using (18) , (19) and Assumption 2, we havė
The actual control input ν 0 (t) can be designed as (27) where κ > 0 is a design parameter. It follows from (26) and (27) thaṫ
. (28) The adaptation law ofθθ θ i (t) is designed aṡ
with ζ i > 0 being a design parameter. Thus, (28) and (29) imply thaṫ
is a positive constant. Consequently, we have the following results. Theorem 1: Consider the FONSs with uncertain input described as (10), (11) and (12) under Assumptions 1 and 2. The controller (20) and (27) together with adaptation laws (25) and (29) guarantees that all variables in the closed-loop system keep bounded and the state variables tends to an arbitrary small region of zero if proper control parameters are chosen.
Proof: Let us denote
It follows from (21) and (28) thaṫ
where is small enough, we know that s(t) will be small enough either. As a result, the state variable x j (t) will be small enough. This completes the proof of Theorem 1.
Remark 3: To drive the state variable x j (t), j = 1, 2, · · · , n converges to an small enough region of the origin, A 2κ should be small enough. In fact, we can choose large κ and small A. According to (31), we can choose small design parameters ζ i and η i .
Remark 4: In this paper, input uncertainties are considered in the fractional-order nonlinear systems. It should be mentioned that, unlike some FTC control methods, for example, in [43] , [45] the parameters, the time points that the uncertainties occur are unknown. By using the proposed methods, the input uncertainties are properly handled. In addition, from the following simulation results it is easy to know that the proposed method has good robustness to the input uncertainties, just like the above theoretical analysis.
Remark 5: It should be pointed out that some control methods were also proposed for fractional-order nonlinear systems in [14] , [17] , [36] . To achieve the stability of the closed-loop system, the following complicated boundary condition of the fractional of a compound function should be satisfied:
with f (t), g(t) and ε f (t) being three sufficient smooth functions, and κ 1 , κ 2 ∈ R + . It is easy to know that above infinite series are very hard to be handled. In [14] , [17] , these conditions were tested by simulation results. In fact, these boundary conditions are rather strict and hard to be satisfied. In addition, putting on these conditions drives the control methods valid may be only in a very small region. However, in this paper, by using the proposed stability analysis, the above complicated conditions are not discussed.
IV. SIMULATION EXAMPLE
In order to further illustrate the effectiveness of the proposed control method, an example is given in this section. In the simulation, the well-known fractional-order Genesio system will be used, which can be expressed by
where f (x x x(t)) = 5.5x 1 (t) − 3.5x 2 (t) − 0.8x 3 (t) + x To show the effectiveness of the proposed control method, the external disturbances and system uncertainty are given as d(t) = 0.2 cos(t) and f (x x x(t)) = 0.2 sin x 2 1 (t) + x 2 2 (t) + x 2 3 (t), respectively. Thus, it is easy to know that Assumption 2 is satisfied with a = 1, b = 0.2, g(x x x(t)) = 1. Noting that the discontinuous function sign is used in the controller design, to cancel the chattering phenomenon, this function is replaced by a continuous one, i.e., arctan(10·).
The input uncertainty models are given as
u 2 (t) = 0.9ν 2 (t), t ≤ 10, 1, t ≥ 10,
and u 3 (t) = ν 3 (t), t ≤ 20, The time responses of state variables are given in Fig. 3 . It is seen that the state variables converge rapidly. 4 gives the curve of control inputs and the sliding surface. The updated parameters, i.e.,k ij (t) and θ θ θ (t) are given in Fig. 5 and Fig. 6 , respectively. From these results we see that our method is effective and has good robustness. Simulation results for α = 0.9 are presented in Figs. 7. We can see that similar results have been obtained as that of α = 0.98 (the design parameters are chosen as same as that of α = 0.98).
V. CONCLUSIONS
In this paper, an adaptive SMC input uncertainty compensation method is introduced for FONSs. It has been shown that the proposed method work well without the knowledge of any explicit uncertainty detection. Simultaneously, the system uncertainties and bounded external disturbances are also considered. One of the distinctive features of the proposed control approach consist in that a fractional integral PPS has been established for FONSs. In the stability analysis, integer-order Lyapunov stability criteria are used. The proposed SMC can guarantee the convergence of the states. Simulation results have verified our methods. How to design SMC for fractional-order MIMO systems is one of our research directions.
